Rd lr oniix lxbhpi‘

zewc 35-a lwieev l‘kin ’text ly eize‘vxd xivwz :e‘

qixea iwqaebit :azke jxr

.bitxea z‘ved © 2003 xewnd .oniix lxbhpi‘ ‘yepa lwieev ’text ly eize‘vxd ly ”zixara mekiq” deedn df inyx ‘l xivwz :lwieev ’text ly xz‘d on dcxedl ozip zilbp‘a

http://www.math.technion.ac.il/~mcwikel/infi2/intgrn-n.ps

:hpxhpi‘d sca jxerd l‘ gelyl ozip xivwzd ‘yepa zex‘de zexrd

http://about.borfig.com/contact.asp?to=borfig&title=Integrals

:a cixedl ozip zipkcr dqxb ,(d‘vxdl d‘vxd oia llk-jxca) zrl-zrn okcrzn xivwzd

http://www.borfig.com/math/intgrn.ps

xivwza mipekcr iabl zerced lawl ick ”BORFIG.com Math News” dvetzd zniyxl sxhvdl uilnn ip‘ :df

http://www.borfig.com/enews.asp

.mihtynd/zenl/zeprhd/zexcbdd xetqn mb jk ,xewnd on dpey df xivwza mi‘yepd zwelg

‘ean

ghyd aeyig ilk gezit ‘id zeixwird zeivaihend zg‘ j‘ ,miax minegza mineyi daxd yi milxbhpi‘l .(”gtp” e‘ ”ghy” migpend ly zernynd dn mircei ynn ‘l ep‘ rbxk) dpezp divwpetl ”zgzn” (’eke ,gtp) ybip zn‘ay iptl .

∫_b a f(x)dx oniix-lxbhpi‘ ici-lr ozip ghyd if‘ ,dti ”zbdpzn” f : R → R divwpetd m‘ :(zeitiv :xzei oekp e‘) ze‘nbec dnka lkzqp dixe‘zd gezitl

;oaln ly ghy miaygn ep‘y iptn ,

∫_b a cdx = (b − a)c if‘ ,c ≥ 0 xy‘k dreaw divwpet ‘id f = c m‘ •

;yleyn ly ghy miaygn ep‘y iptn ,b, c ≥ 0 lkl

∫_b 0 cxdx = c^{b2}_2 if‘ ,f(x) = cx m‘ •

;lebir-ivg ly ghy miaygn ep‘y iptn ,

∫_r −r √ r^2 − x^2dx =^1_2 πr^2 if‘ ,r ≥ 0 xy‘k f(x) = √ r^2 − x^2 m‘ •

:if‘ ,f(x, y) ≜ √ r^2 − x^2 − y^2 :jk zxcben f : D → R ‘dze ,D ≜ {(x, y) ∈ R^2| x^2 + y^2 ≤ r^2} ‘dz • .xeck-ivg ly gtp epayig rbxky iptn , ∫∫ D f(x, y)dA =^2_3 πr^3

miletk milxbhpi‘l mixaer xzei xge‘n wxe

∫_b a f(x)dx dxevd on milxbhpi‘ lr mcew micnel llk-jxca dixe‘zd z‘ gztp ep‘ .xacd eze‘ hrnk md dl‘ milxbhpi‘ ik d‘xp ,aexwn mda opeazp m‘ .miyleyne .milxbhpi‘-d-d lk xear liawna onix ly

mipipr okez

1 zpiivn divwpet 1 3 mirhw-d 2 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (zeixhpnl‘ zeveaw) mirhw-d-ax 2.1 7 zebxcn-d zeivwpet 3 10 zebxcn-d zeivwpet ly ”iwepiz”d lxbhpi‘d 4 12 oniix it-lr zeiliaxbhpi‘ 5 16 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . zeilaxbhpi‘-d zwical ze‘nbec 5.1 19 itpi‘d ly iceqid htynd 6 21 zeivwpet ly zexcq 7 23 Jordan zcin 8 27 milxbhpi‘e zetivx ,dibeleteh 9 31 dpyp lxbhpi‘ 10 34 millken milxbhpi‘ 11

1 wxt zpiivn divwpet

:lkd-jqa dpid zpiivn divwpet ly zpiivnd divwpetd .‘idylk dveaw-zz A ⊆ X ‘dze ,‘idylk dveaw X ‘dz (zpiivn divwpet) 1.1 dxcbd .χ_A(a) ≜ 0 ,(a ∉ A m‘) zxg‘ ,χ_A(a) ≜ 1 if‘ ,a ∈ A m‘ :‘ad ote‘a zxcben ,χ_A : X → {0, 1} ,A ”zclen” zpiivnd divwpetd ik al miyp .divwpetk dveawl zekiiy x‘zl jxc dyrnl ‘id zpiivnd divwpetd :X = R-a ze‘nbec xtqn dpd .X-n xai‘ - ccea hlw zlawn ‘ide ,dveaw mr .1 dreawd divwpetd dyrnl ‘id χ_R divwpetd ,z‘f znerl ;0 dreawd divwpetd dyrnl ‘id χ_∅ divwpetd 1.1 ‘nbec .dlkixic-zivwpet ‘id χ_Q divwpetd 1.2 ‘nbec :zpiivnd divwpetd ly zepekz xtqn dpd .χ_{X\A} = 1 − χ_A if‘ ,‘idylk dveaw-zz A ⊆ X ‘dze ,‘idylk dveaw X ‘dz 1.1 dprh .χ_A(x) = 0 m”m‘ x ∉ A m”m‘ x ∈ X \ A m”m‘ χ_{X\A}(x) = 1 :x ∈ X lkl :dgked .f^{−1}(1) ly zpiivn divwpet ‘id {0, 1} ‘ed dly geehdy f divwpet lk 1.2 dprh m”m‘ x ∈ A m”m‘ χ_A(x) = 1 :x ∈ X lkl if‘ .A ≜ {x ∈ X|f(x) = 1} xicbpe ,f : X → {0, 1} dpezp :dgked .f(x) = 1 .χ_{A∩B} = χ_A · χ_B if‘ ,A, B ⊆ X m‘ 1.3 dprh ,x ∉ B e‘ x ∉ A :miiwzne χ_{A∩B} (x) = 0 zxg‘ .χ_{A∩B} (x) = χ_A(x) = χ_B (x) = 1 if‘ ,x ∈ A ∩ B m‘ :dgked .χ_{A∩B} = χ_A · χ_B ik lawp o‘kn .dn‘zda χ_B(x) = 0 e‘ χ_A(x) = 0 okle .χ_{A\B} = χ_B − χ_A if‘ ,A, B ⊆ X m‘ 1.4 dprh ,x ∉ A e‘ x ∈ A ∩ B if‘ ,x ∉ A \ B m‘ .1 = 1 − 0 la‘ ,χ_B (x) = 0-e χ_A(x) = 1 if‘ ,x ∈ A \ B m‘ :dgked .dn‘zda 0 = 0 − 0 e‘ 0 = 1 − 1 ik lawp okle

.χ_A ≤ χ_B m‘ wxe m‘ A ⊆ B if‘ ,A, B ⊆ X m‘ 1.5 dprh

okle ,x ∉ A hxta if‘ ,x ∉ B m‘ .χ_A(x) ≤ 1-y cera ,χ_B = 1 lawp ,x ∈ B lkl if‘ ,A ⊆ B m‘ :dgked .χ_A(x) = χ_B (x) = 0 .x ∈ B xnelk ,χ_B (x) = 1 okl .χ_A(x) = 1 xnelk ,x ∈ A-e ,χ_A ≤ χ_B m‘ htynl alyl ozip 1.5-e 1.2 zeprh z‘ :oihelgl midf md ”zpiivn divwpet” byende ”dveaw” byend dyrnl :‘ad

.xcq-itxenefi‘ md P (X)-e C(X) if‘ ,C(X) = {χ_A : X → {0, 1}|A ⊆ X} ‘dze ,dveaw X idz 1.1 htyn

,x ∈ B \ A e‘ x ∈ A \ B miiw if‘ ,A ≠ B m‘ :xcq-mfitxenefi‘ ‘id Ξ : A → χ_A dwzrdd ik gikep :dgked if‘ ,zpiivn divwpet ‘id f ∈ C(x) m‘ .1 − 1 ‘id Ξ dwzrdd xnelk ,χ_A ≠ χ_B okle ,χ_A(x) ≠ χ_B(x) okle ≤-l lewy P (X)-a ⊆ xcqd ik epl zpzep 1.5 dprh .lr Ξ okle ,f = χ_f −1_{(1)} zniiwn ‘id 1.2 dprh it-lr .C(X)-a :dxvwa mixf micegi‘ x‘zl ick ziyeniy ce‘n zeidl dleki zpiivn divwpet ,seqal

,x ∈ X lkl iteq ‘ed ∑ A∈A χ_A(x) mekqdy jk (ziteqpi‘ e‘ ziteq) X ly zeveaw-zz ly dgtyn A ‘dz 1.1 dnl divwpet ‘id ∑ A∈A χ_A m‘ ,ok lr xzi .zexf od A-a zepey zeveaw izy lk m”m‘ zpiivn divwpet ‘id ∑ A∈A χ_A if‘ . ⋃ A ly zpiivnd divwpetd ‘id if‘ ,zpiivn

-y jkl dxizqa S(x) ≥ 2 if‘ ,zepey A, B ∈ A xy‘k x ∈ A ∩ B m‘ .S ≜ ∑ A∈A χ_A onqp :dgked .zexf zeveaw A, B okle .S(x) ∈ {0, 1} mbe ,χ_A(x) = 1 xnelk ,x ∈ A-y jk cigi A ∈ A miiw if‘ ,x ∈ ⋃ A-e ,zepey A, B ∈ A lkl A ∩ B = ∅ m‘ .A ∈ A lkl χ_A(x) = 0 ik xexa if‘ ,x ∉ ⋃ A m‘e .S(x) = 1 ik lawp o‘kn .B ∈ A \ {A} lkl χ_B (x) = 0 . ⋃ A ly zpiivn divwpet ‘id S m‘ ,‘ad wxtd on lgd .χ_{∪A} = ∑ A∈A χ_A :”oeniq”a (dfl df mixf dixai‘ lk) dxf dgtyn onqp ,dnld xe‘l .R^d didz X dveawd

2 wxt mirhw-d

:zeixhpnl‘ zeipaln zexev xe‘izl gep qiqa eedi mirhw-d ze‘xwp [a, ∞), (−∞, b), R zeveawde meqg rhw-1 ‘xwz [a, b) dveawd a, b ∈ R lkl R-a (rhw-d) 2.1 dxcbd ;mineqg ‘l mirhw-1 ‘xwi I if‘ zeneqg zeletkd lk m‘ .mirhw-1 d ly zifhxw dltkn deedn ‘id m‘ rhw-d ‘xwiz I ⊆ R^d dveaw R^d-a .meqg ‘l rhw-d ‘xwi ‘ed zxg‘ ,meqg rhw-d :‘id mirhw-d ly dpey‘xd dpekzd .meqg rhw-d ‘ed ∅ = [a, a)^d mb ik al miyp .rhw-d ‘ed ⋂ I if‘ ,R^d-a mirhw-d ly ziteq dgtyn ‘id I m‘ 2.1 dnl :R^d-a I, J mirhw-d ipy xear z‘f ze‘xdl witqn :dgked :mixwn xtqnl wxtp :d = 1 :’‘ dxwn ;gikedl dn oi‘ if‘ ,J = R e‘ I = R m‘ ;I ∩ J = [max{a_I , a_J }, min{b_I , b_J }) if‘ ,J = [a_J , b_J )-e I = [a_I , b_I ) m‘ ;I ∩ J = (−∞, min{b_I , b_J }) if‘ ,J = (−∞, b_J )-e I = (−∞, b_I ) m‘ .I ∩ J = [max{a_I , a_J }, ∞) if‘ ,J = [a_J , ∞)-e I = [a_I , ∞) m‘ :if‘ ,mirhw-d md J =

∏_d

k=1 J_k-e I =

∏_d k=1 I_k m‘ :d > 1 :’a dxwn

I ∩ J =

(_d ∏ k=1 I_k ) ∩ (_d ∏ k=1 J_k ) = d∏ k=1 (I_k ∩ J_k)

.rhw-d ‘ed I ∩ J okle ,mirhw-1 md I_k ∩ J_k la‘ :rhw-d gxkda eppi‘ mirhw-d ly iteqpi‘ xtqn ly cegi‘ ik oiivl aeyg .rhw-1 eppi‘

⋂_∞

n=1 I_n = [0, 0] mkezig la‘ ,n ∈ N lkl meqg rhw-1 ‘ed I_n .I_n = [ 0,^1_n ) 2.1 ‘nbec

:epl yi ,mineqg mirhw-d iabl .mirhw-d 2d ly xf cegi‘ ‘ed R^d \ I if‘ ,meqg rhw-d ‘ed I m‘ 2.2 dnl .R\I = (−∞, a)∪[b, ∞) if‘ ,a ≤ b xy‘k I = [a, b) m‘ :xexa df ,d = 1 xear .d lr divwecpi‘a gikep :dgked rhw-d ‘ed I_d xy‘k I = I_d × [a, b) okle ,rhw-(d + 1) I ‘di .dpekp dprhd ‘edylk d xear ik gipp zrk :‘ad cegi‘a opeazp .{J_k}^{2d}_{k=1} mpnqpy ,mirhw-d 2d ly xf cegi‘ ‘ed R^d \ I_d ik mircei xak ep‘ ,zrk .a ≤ b-e 2d⋃ k=1 J_k × [a, b) =

(_{2d} ⋃ k=1 J_k ) × [a, b) = (R^d \ I_d) × [a, b)

-e R^d × (−∞, a) z‘ siqep ,cegi‘d z‘ milydl icke .mixf {J_k}^{2d}_{k=1} ik dcaerd on raep oey‘xd oeieeiyd :lawpe ,l”pd cegi‘l mixfy R^d × [b, ∞)

((R^d \ I_d) × [a, b)) ∪ (R^d × (−∞, a)) ∪ (R^d × [b, ∞)) = ((R^d \ I_d) × [a, b)) ∪ (R^d × (R \ [a, b))) = ((R^d × [a, b)) ∪ (R^d × (R \ [a, b)))) \ (I_d × [a, b)) = (R^d × R) \ I = R^{d+1} \ I

.R^{d+1} \ I ‘ed mcegi‘y mirhw-(d + 1) 2(d + 1) ly xf cegi‘ eplaiw jk :‘id ztqep ziyeniy dnl .e‘eaiy zexcbda zeyixc xtqn cixedl oey‘xd crvd ‘dz ef dnl . ⋃_n

i=1 I_i ⊆ L-y jk L meqg rhw-d miiw if‘ ,mineqg mirhw-d ly ziteq dgtyn ‘id {I_i}^n_{i=1} m‘ 2.3 dnl :onqp :dgked

∀^n_{i=1} I_i = d∏ k=1 [α_{i,k}, β_{i,k})

L ≜ d∏ k=1 [min^n_{i=1} α_{i,k}, max^n_{i=1} β_{i,k})

.x ∈ L okle ,k lkl α_{i,k} ≤ x < β_{i,k} miiwzne ,x ∈ I_i-y jk i miiw if‘ ,

⋃_n

i=1 I_i-a dcewp ‘id x = (x_k)^d_{k=1} m‘ :rhw-d ly ”jxe‘” cicbp ,seqal :‘ed I ly jxe‘-d-d if‘ ,i lkl a_i ≤ b_i xy‘k ,R^d-a meqg rhw-d I =

∏_d

i=1[a_i, b_i) idi (jxe‘-d) 2.2 dxcbd

|I| ≜ |I|_d ≜ d∏ k=1 (b_k − a_k)

.|J| ≜ |J|_d ≜ ∞ :onqp ,R^d-a meqg ‘l rhw-d ‘ed J m‘ .mirhw-d-ax lr xearpe mixacd jldnn dhqp df alya

(zeixhpnl‘ zeveaw) mirhw-d-ax 2.1 G ≜ ⋃_n i=1 if‘ ,mineqg mirhw-d ly ziteqe dxf dgtyn {I_i}^n_{i=1} idz (zixhpnl‘ dveaw ,rhw-d-ax) 2.3 dxcbd .rhw-d-ax ‘xwi .mirhw-d-ax ly zeiqiqa zepekz dnk gikep .rhw-d-ax ‘ed rhw-d lk ik xexa .rhw-d-ax ‘ed G ∩ I if‘ ,rhw-d ‘ed I ⊆ R^d-e rhw-d-ax G ⊆ R^d ‘di 2.1 dprh :if‘ ,G z‘ dxicbnd mirhw-d ly ziteqe dxf dgtyn {I_i}^n_{i=1} ‘dz :dgked G ∩ I = I ∩ n⋃ i=1 I_i = n⋃ i=1 (I ∩ I_i) .rhw-d-ax ‘ed G ∩ I okle ,dfl df mixfe mineqg I ∩ I_i mirhw-d-d .rhw-d-ax ‘ed

⋃_n

i=1 G_i if‘ ,mirhw-d ly ziteqe dxf dgtyn {G_i}^n_{i=1} idz 2.4 dnl zexicbnd zegtynd z‘ cg‘p m‘ okle ,zexf G_j z‘e G_i z‘ zexveid zegtynd i ≠ j lkl ,lk mcew :dgked . ⋃_n

i=1 G_i z‘ dxicbnd mirhw-d ly ziteqe dxf dgtyn lawp ,G_i z‘ .rhw-d-ax ‘ed G \ I if‘ ,rhw-d ‘ed I ⊆ R^d-e rhw-d-ax G ⊆ R^d ‘di 2.2 dprh okle ,I = R \

⋃_{2d}

i=1 I_i-y jk {I_i}^{2d}_{i=1} mirhw-d ly dxf dgtyn zniiw :dgked G \ I = G ∩ 2d⋃ i=1 I_i = 2d⋃ i=1 (G ∩ I_i) .rhw-d-ax ‘ed G \ I okle ,xf ‘ed cegi‘de ,rhw-d-ax ‘ed G ∩ I_i ‘ed mirhw-d-ax ly iteq jezig lk hxta .rhw-d-ax ‘ed G ∩ H mb if‘ ,mirhw-d-ax md G, H ⊆ R^d m‘ 2.5 dnl .rhw-d-ax if‘ ,H z‘ dxicbnd dgtynd {I_i}^n_{i=1} ‘dz :dgked G ∩ H = n⋃ i=1 (G ∩ I_i) .i ≠ j lkl mixf G ∩ I_j-e G ∩ I_i ik rhw-d-ax ‘ed G ∩ H cegi‘d mb okle ,rhw-d-ax ‘ed G ∩ I_i .rhw-d-ax ‘ed G \ H mb if‘ ,mirhw-d-ax md G, H ⊆ R^d m‘ 2.6 dnl :xicbp .H z‘ dxicbnd dgtynd {I_i}^n_{i=1} ‘dz :dgked E_k ≜ G \ k⋃ i=1 I_i E_k ik gipp zrk .epgked k = 1 xear .E_n = G \ H hxtae ,rhw-d-ax ‘ed E_k ik k lr divwecpi‘a gikep .rhw-d-ax ‘ed G \ H ik lawpe ,k = n aivp .irhw-d-ax mb E_{k+1} okle ,E_{k+1} = E_k \ I_{k+1} la‘ ,rhw-d-ax

‘ed mirhw-d-ax ly iteq cegi‘ lk ,hxta .rhw-d ‘ed G ∪ H mb if‘ ,mirhw-d-ax md G, H ⊆ R^d m‘ 2.7 dnl .rhw-d-ax .H \ G-e G \ H ,G ∩ H :mi‘ad mirhw-d-axd ly xf cegi‘ ‘ed G ∪ H :dgked :mirhw-d-ax ly gtp/ghy/jxe‘ z‘ xicbp zrk :G ly jxe‘-d-d z‘ xicbp .{I_i}^n_{i=1} ici-lr xvepy rhw-d-ax G ⊆ R^d ‘di (jxe‘-d) 2.4 dxcbd |G| ≜ |G|_d ≜ n∑ i=1 I_i .jk ‘l df ik gikep ep‘ .G ly ezbvda dielz ef dxcbd if‘ ,mirhw-d-ax G, H ⊆ R^d eidi 2.8 dnl ;|G ∪ H| = |G| + |H| if‘ ,G ∩ H = ∅ m‘ (i) ;|G| ≤ |H| if‘ ,G ⊆ H m‘ (ii) .ahid zxcben 2.4 dxcbd okle ,|G| = |H| if‘ ,G = H m‘ (iii) :okle ,mirhw-d m + n ly xf cegi‘ ‘ed G ∪ H if‘ ,G ∩ H = ∅ m‘ :dgked |G ∪ H| = m∑ i=1 |I_i| + n∑ j=1 |J_j| = |G| + |H|

la‘ ,|H| = |G| + |H \ G| okle ,H \ G-e G mirhw-d-axd ly xf cegi‘ ‘ed H ik xexa .G ⊆ H ik gipp zrk .|G| = |H| okle ,|H| ≤ |G| mbe |G| ≤ |H| if‘ ,G = H hxta m‘ .|G| ≤ |H| okle ,ilily-i‘ ‘ed jxe‘-d 1 :seqal .|I| =

∑_n

i=1 |I_i| if‘ , ⋃ I = I-y jk mirhw-d ly ziteqe dxf dgtyn {I_i}^n_{i=1} ‘dze ,meqg rhw-d I idi 2.1 htyn .dbvda ielz ‘l jxe‘-d-d aeyig la‘ ,rhw-d ‘ed ipy cvne ,rhw-d-ax ‘ed I cg‘ cvn :dgked :mirhw-d-ax zxivil mikxc bivp ,meiql .|G × I| = |G| · |I| miiwzne ,rhw-(d + k)-ax ‘ed G × I if‘ ,meqg rhw-k I ‘die rhw-d-ax G ⊆ R^d ‘di 2.3 dprh mirhw-(d + k) ly ziteqe dxf dgtyn ‘id {I_i × I}^n_{i=1} if‘ ,G ly zxveid dgtynd ‘id {I_i}^n_{i=1} m‘ :dgked .|G × I| = |G| · |I| okle ,i lkl |I_i × I| = |I_i| · |I| .

⋃_n

i=1(I_i × I) = G × I :miiwzn mb la‘ ,mineqg |G × H| = miiwzne ,rhw-(d + k) ax ‘ed G × H if‘ ,rhw-k-ax H ⊆ R^k ‘die rhw-d-ax G ⊆ R^d ‘di 2.9 dnl .|G| · |H| dgtyn ‘id {G × I_i}^n_{i=1} dgtynde ,rhw-d-ax ‘ed G × I_i if‘ ,H z‘ zxveid dgtyn {I_i}^n_{i=1} ‘dz :dgked .rhw-d-ax ‘ed G × H okle ,dxf .mixacd jldnl xefgp ep‘ zrk

.zxg‘ ayeg ip‘ .divwecpi‘a dgked zniiw ik xn‘pe ,dgked ‘ll dzika bved df htyn^1

3 wxt zebxcn-d zeivwpet

:xicbp milina jeqgl ick .xzeia heyt ‘ed dly ”lxbhpi‘”dy divwpet dpid zebxcn-d zivwpet A m‘ .B ly ieqik ‘id A :e‘ ,B z‘ dqkn A ik xn‘p .B ⊆ ⋃ A-e ,zeveaw ly dgtyn A ‘dz (ieqik) 3.1 dxcbd ,mirhw-d ly dgtyn ‘id A m‘ .B ly xf ieqik ‘id A ik xnep if‘ ,dfl df mixf dixai‘ lk xnelk ,dxf dgtyn ‘id .B ly ieqik-d ‘id A ik xn‘p :zebxcn-d zivwpet xicbp zrk .mixtqn ly ziteq dveaw {λ_k}^n_{k=1} ⊆ R ‘dze ,R^d ly iteqe xf ieqik-d {I_k}^n_{k=1} ‘di (zebxcn-d zivwpet) 3.2 dxcbd :divwpetd if‘ .λ_k = 0 if‘ ,meqg ‘l I_k m‘ :miiwzn xy‘k n∑ k=1 λ_kχ_{Ik}

(zebxcn-d zivwpet oiivl ick l”pd mekqd z‘ oiiv‘ wx jynda) .zebxcn-d zivwpet ‘xwz .p ∈ I_k-y jk cigi I_k miiw p ∈ R^d lkly iptn ,{λ_k}^n_{k=1} cinz ‘id zebxcn-d zivwpet ly dzpenz ik al miyp :ze‘nbec xtqn dpd dppi‘ 1 dreawd divwpetd ,z‘f znerl ;0 = 0χ_R :zil‘ieeixh zebxcn-d zivwpet ‘id 0 dreawd divwpetd 3.1 ‘nbec .meqg ‘l rhw-d I_i xy‘k λ_i = 0-l dyixcd zniiwzn ‘l ik ,zebxcn-d zivwpet

f : R → R divwpetd ,z‘f znerl ;zebxcn ”seqpi‘” yi ik ,zebxcn-d zivwpet dppi‘ mb mlyd-jxrd zivwpet 3.2 ‘nbec :jk zxcbend f(x) ≜ ⌊x⌋χ_{[−100,100)} =

⌊x⌋ , x ∈ [−100, 100) 0 , x ∉ [−100, 100) .zebxcn-d zivwpet ok ‘id

:zpiiprn xzei zvw ‘nbec

.zebxcn-d zivwpet ‘id χ_I if‘ ,meqg rhw-d I ‘di 3.1 dnl

dgtynd okl .I ly milynd ‘ed mcegi‘y dfl df mixf {I_i}^{2d}_{i=1} mirhw-d 2d miniiw ,2.2 dnl it-lr :dgked 1χ_I +

∑_{2d} i=1 0χ_{Ii} divwpetd ik lawpe ,λ_i = 0-e ,λ = 1 xgap zrk .R^d ly iteqe xf ieqik-d ‘id {I_i}^{2d}_{i=1} ∪ {I} .dxcbdd it-lr zebxcn-d zivwpet ‘id :”mnrynd htynd” ly oey‘xd wlgd z‘ gikep zrk

,min{f, g} ,cf ,f ·g ,f +g mb if‘ ,c ∈ R-e ,zebxcn-d zeivwpet f, g dp‘dz (’‘ wlg ,mnrynd htynd) 3.1 htyn .zebxcn-d zeivwpet od max{f, g}

jk ,”mnrynd htynd” ly mixg‘d miwlgd ly zegkeda mb epze‘ eynyi ef dgkeda mipeniqd aex :dgked .3.2-e 3.1 miaeyig mb on mekqk f + g z‘ ‘hal dvxp .g =

∑_n

j=1 μ_jχ_{Jj} -e f =

∑_m

i=1 λ_iχ_{Ii} onqp :f + g ly dgkedd z‘ mcew bivp .dni‘znd dxevd ly xf ieqik-d ‘id {K_k}^{mn}_{k=1}-e ,wix maex ik al miyp .^1K_{(i−1)n+j} ≜ I_i ∩ J_j :‘ad ote‘a mirhw-d mn xicbp :mixf mi‘ad micegi‘d mb ,sqepa .R^d

∀_i n⋃ j=1 K_{(i−1)n+j} = m⋃ j=1 I_i ∩ J_j = I_i ∩

(_n ⋃ j=1 J_j ) = I_i ∩ R^d = I_i (3.1)

∀_j m⋃ i=1 K_{(i−1)n+j} = m⋃ i=1 I_i ∩ J_j =

(_m ⋃ i=1 I_i ) ∩ J_j = R^d ∩ J_j = J_j (3.2)

sqepa .ν_k-l zernyn oi‘ K_k = ∅ xy‘k ik al miyp .ν_{(i−1)n+j} = λ_i + μ_j :”zebxcnd-idaeb” z‘ xicbp zrk on ‘id f + g m‘d wecal xzepe ,λ_i = μ_j = ν_k = 0 okle ,mineqg ‘l mini‘znd I_i, J_j if‘ ,meqg ‘l K_k m‘ :zyxcpd dxevd

f + g = m∑ i=1 λ_iχ_{Ii} + n∑ j=1 μ_jχ_{Jj} = m∑ i=1 n∑ j=1 λ_iχ_{Ii∩Jj} + m∑ i=1 n∑ j=1 μ_j χ_{Ii∩Jj}

.3.2-e 3.1 miaeyign raep oexg‘d oeieeiyd = m∑ i=1 n∑ j=1 (λ_i + μ_j)χ_{Ii∩Jj} = mn∑ k=1 ν_kχ_{Kk}

ν_{(i−1)n+j} = max{λ_i, μ_j} xgap .l”pd aeyigl ce‘n dnec ‘di aeyigd max{f, g}-e min{f, g} zeivwpetd xear :jk d‘xi min{f, g} xear aeyigd .dn‘zda ν_{(i−1)n+j} = min{λ_i, μ_j} e‘

min{f, g} = min

{_m ∑ i=1 λ_iχ_{Ii} , n∑ j=1 μ_jχ_{Jj} } = min

{_m ∑ i=1 n∑ j=1 λ_iχ_{Ii∩Jj} , m∑ i=1 n∑ j=1 μ_j χ_{Ii∩Jj} }

= m∑ i=1 n∑ j=1 min{λ_i, μ_j}χ_{Ii∩Jj} = mn∑ k=1 ν_kχ_{Kk}

oia xywd z‘ yxetna xicbd ‘l lwieev ’text j‘ ,ikxr-cg-cg ote‘a {1, . . . , mn} mikxrd z‘ lawn (i − 1)n + j iehiad^1 .dn‘zda I, J, K ly i, j, k miqwcpi‘d

:‘di aeyigde ,ν_{(i−1)n+j} = λ_iμ_j xgap f · g divwpetd xear

f · g =

(_m ∑ i=1 λ_iχ_{Ii}

) (_n ∑ j=1 μ_jχ_{Jj} ) = m∑ i=1 n∑ j=1 (λ_iμ_j)(χ_{Ii} · χ_{Jj} ) = m∑ i=1 n∑ j=1 λ_iμ_jχ_{Ii∩Jj} = mn∑ k=1 ν_kχ_{Kk}

:ν_i = cλ_i-e L_i = I_i xgap cf xear ,seqale

cf = c

(_m ∑ i=1 λ_iχ_{Ii} ) = m∑ i=1 (cλ_i)χ_{Ii} = m∑ i=1 ν_iχ_{Li}

:epl mipzep htynde 3.1 dnl

divwpetd if‘ ,{λ_i}^n_{i=1} ⊆ R-e ,(mixf gxkda ‘l) mineqg mirhw-d ly ziteq dgtyn ‘id {I_i}^n_{i=1} m‘ 3.2 dnl .zebxcn-d zivwpet ‘id

∑_n i=1 λ_iχ_{Ii}

,zebxcn-d zeivwpet od λ_iχ_{Ii} mb ,htynd it-lr .3.1 dnl it-lr zebxcn-d zeivwpet od χ_{Ii} zeivwpetd :dgked .zebxcn-d zivwpet ‘ed

∑_n i=1 λ_iχ_{Ii} iteqd mekqd htynd it-lr aeye ep‘ .mineqg ‘ld mirhw-d-d lr xzeel lkep mbe ,zexzein ‘ln ieqike mirhw-d-d ly zexfl zeyixcd ,xnelk :ztqep ziyeniy dnl gikep seqal .dycg drcedl cr dl‘ zelwda ynzyp ‘l

.L-l uegn zqt‘zn f xnelk ,f(R^d \ L) = {0}-y jk meqg L rhw-d miiw if‘ ,zebxcn-d zivwpet f ‘dz 3.3 dnl

-d-d lk z‘ likiy jk lecb witqn meqg rhw-d L ‘di .zebxcn-d zivwpet f = ∑ i=1 λ_iχ_{Ii} ‘dz :dgked if‘ ,x ∈ R^d \ L m‘ zrk .iteq ‘ed mineqgd mirhw-d-d xtqn ik miiw L .f z‘ mixicbnd mineqgd mirhw okl .dxizq - I_i ⊆ L zxg‘ ,meqg-‘l ‘ed I_i .xf ieqik-d ‘ed {I_i}^∞_{i=1} ik ,x z‘ likny cigi I_i rhw-d miiw .f(x) = 0-e ,λ_i = 0 .R^d lr milxbhpi‘-d-a weqrp xy‘k mb epl xefrz ef dnl

4 wxt

zebxcn-d zeivwpet ly ”iwepiz”d lxbhpi‘d

.”zebxcn-d-d zivwpetl zgzn ghyd” heyt ‘ed ”iwepiz”d lxbhpi‘d

:‘ed dly iwepizd-lxbhpi‘d if‘ ,R^d-n zebxcn-d zivwpet f =

∑_n

i=1 λ_iχ_{Ii} ‘dz 4.1 dxcbd

I_d(f) ≜ n∑ i=1 λ_i|I_i|

.λ_i|I_i| = 0 ik rawp ,(λ_i = 0-e) |I_i| = ∞ m‘ :dnkqen

dbvda ielz ,dxcbdd it-lr ,”iwepiz”d lxbhpi‘d :cg‘ dira wx da yi la‘ ,xcqa zi‘xp dxe‘kl ef dxcbd ‘ed ”iwepiz”d lxbhpi‘d ik gikep sqepa .”mnrynd htynd” ly ipyd wlgd zxfra xztz ef dira .f ly .ix‘pil

.R^d-a zebxcn-d zeivwpet g =

∑_n j=1 μ_jχ_{Jj} -e f =

∑_m i=1 λ_iχ_{Ii} dp‘dz (’a wlg ,mnrynd htynd) 4.1 htyn

;I_d(f) = I_d(g) if‘ ,f = g m‘ hxta .I_d(f) ≤ I_d(g) if‘ ,f ≤ g m‘ (i)

.I_d(f + cg) = I_d(f) + cI_d(g) miiwzn c ∈ R lkl (ii)

mbe ,K_{(i−1)n+j} ≜ I_i ∩ J_j :oey‘xd wlgd ly dgkedd on mipeniqa ynzyp df htyn ly dgkeda :dgked .3.2-e 3.1 miaeyiga ynzyp :miiwzn ik al miyp .A^∗ ≜ A ∩ L :onqpe .K_k ⊆ L if‘ ,meqg K_k m‘y jk lecb witqn meqg rhw-d L ‘di ‘l I m‘e ,I^∗ = I miiwzne L-a lken ‘ed if‘ ,meqg I m‘ ik λ|I| = λ|I^∗| :dfn xzei ,K^∗_{(i−1)n+j} = I^∗_i ∩ J^∗_j :2.1 htyn zxfra 3.2-e 3.1 miaeyig z‘ bxcyp ,htynd z‘ gikepy iptl .oekp oeieeiyd oiicre ,λ = 0 if‘ ,meqg

∀_i λ_i|I_i| = λ_i|I^∗_i | = λ_i | | | | n⋃ j=1 I^∗_i ∩ J^∗_j | | | | = n∑ j=1 λ_i|I^∗_i ∩ J^∗_j | (4.1)

∀_j μ_i|J_j| = μ_j |J^∗_j | = μ_j | | | | m⋃ j=1 I^∗_i ∩ J^∗_j | | | | = m∑ i=1 μ_j |I^∗_i ∩ J^∗_j | (4.2)

,I^∗_i ∩ J^∗_j = ∅ m‘ zxg‘ .λ_i|I^∗_i ∩ J^∗_j | ≤ μ_j|I^∗_i ∩ J_j | okle ,mini‘znd λ_i ≤ μ_j if‘ ,wix ‘l I^∗_i ∩ J^∗_j m‘ ik al miyp :aeyiga dgkedd z‘ miiqp .0 ≤ 0 ik oekp oeieeiy-i‘d if‘ I_d(f) = m∑ i=1 λ_i|I_i| = m∑ i=1 n∑ j=1 λ_i|I^∗_i ∩ J^∗_j | ≤ m∑ j=1 n∑ i=1 μ_j|I^∗_i ∩ J^∗_j | = m∑ j=1 μ_j |J_j| = I_d(g) ,I_d(f) = I_d(g) okle ,I_d(g) ≤ I_d(f) mbe I_d(f) ≤ I_d(g) okle ,g ≤ f mbe f ≤ g miiwzn if‘ ,f = g m‘ ,seqal .ahid zxcben ok‘ 4.1 dxcbd xnelk :lawp oey‘xd wlgd it-lr okle ,ν_{(i−1)n+j} ≜ λ_i + cμ_j onqp f + cg = m∑ i=1 λ_iχ_{Ii} + c n∑ j=1 μ_jχ_{Jj} = m∑ i=1 n∑ j=1 (λ_i + cμ_j)χ_{Ii∩Jj} = mn∑ k=1 ν_kχ_{Kk} :aygp heyt zrk I_d(f) + cI_d(g) = m∑ i=1 λ_i|I_i| + c n∑ j=1 μ_j|J_j| = m∑ i=1 λ_i|I^∗_i | + c n∑ j=1 μ_j |J^∗_j |

= m∑ i=1 n∑ j=1 λ_i|I^∗_i ∩ J^∗_j | + c m∑ i=1 n∑ j=1 μ_j|I^∗_i ∩ J^∗_j | = m∑ i=1 n∑ j=1 (λ_i + cμ_j)|I^∗_i ∩ J^∗_j |

= mn∑ k=1 ν_k|K^∗_k | = mn∑ k=1 ν_k|K_k| = I_d(f + cg) lka la‘ ,clepy ilkd z‘ llkyl epilr ‘di okle ,zebxcn-d zivwpet ‘id R-l R^d-n divwpet lk ‘l epxrvl :zpiiprn ‘nbec yi z‘f .|G| = I_d(χ_G) zniiwnd zebxcn-d zivwpet ‘id χ_G if‘ ,rhw-d-ax ‘ed G m‘ 4.1 ‘nbec .milibx milxbhpi‘l jiynp zrk

5 wxt oniix it-lr zeiliaxbhpi‘

:oniix lxbhpi‘ z‘ xicbdl mipken ep‘ zrk ziliaxbhpi‘-d ‘xwz f .divwpet f : R^d → R idz (R^d lr lxbhpi‘-d ,oniix it-lr zeiliaxbhpi‘-d) 5.1 dxcbd :miiwzny jk {w_n}^∞_{n=1}-e {v_n}^∞_{n=1} zebxcn-d zeivwpet ly zexcq ipy zeniiw m‘ oniix t”r ∀_{n∈N} v_n ≤ v_{n+1} ≤ f ≤ w_{n+1} ≤ w_n lim_{n→∞} I_d(v_n) = lim_{n→∞} I_d(w_n) :mbe . ∫ R^d f e‘ ∫ f-a oneqie ,R^d lr f ly lxbhi‘-d ‘xwi l”pd leabd zeneqg {I_d(w_n)}^∞_{n=1}-e {I_d(v_n)}^∞_{n=1} zexcqd izy ik z‘f ,miniiw cinz dxcbda zeleabd ipy ik al miyp :l”pd dxcbda oexg‘d i‘pzd z‘ silgdl epl zxyt‘n ef dcaer .zeipehepene :if‘ .n ∈ N lkl v_n ≤ v_{n+1} ≤ w_{n+1} ≤ w_n zeniiwznd ,zebxcn-d zeivwpet ly zexcq {v_n}, {w_n} dp‘dz 5.1 dnl .lim_{n→∞} I_d(w_n − v_n) = 0 m”m‘ lim_{n→∞} I_d(v_n) = lim_{n→∞} I_d(w_n) :okl .miniiw cinz lim_{n→∞} I_d(w_n)-e lim_{n→∞} I_d(v_n) zeleabd :dgked lim_{n→∞} I_d(w_n − v_n) = lim_{n→∞} I_d(w_n) − lim_{n→∞} I_d(v_n) .xg‘ lxbhpi‘-d lawpe okzi ,zexg‘ zexcq izy gwip m‘ :dxcbda zniieqn zeiziira yi z‘f lka la‘ :dirad z‘ xzet ‘ad htynd .ahid zxcben 5.1 dxcbd 5.1 htyn :mi‘pzd miniiwzny jk ,zebxcn-d zeivwpet ly zexcq {w^′_n}^∞_{n=1}-e {v^′_n}^∞_{n=1} ,{w_n}^∞_{n=1} ,{v_n}^∞_{n=1} dp‘dz :dgked ∀_{n∈N} v_n ≤ v_{n+1} ≤ f ≤ w_{n+1} ≤ w_n ∀_{n∈N} v^′_n ≤ v^′_{n+1} ≤ f ≤ w^′_{n+1} ≤ w^′_n lim_{n→∞} I_d(v_n) = lim_{n→∞} I_d(w_n) lim_{n→∞} I_d(v^′_n) = lim_{n→∞} I_d(w^′_n)

:(”mnrynd htynd” ly oey‘xd wlgd zekfa) zeycg zebxcn-d zeivwpet ly zexcq izy xicbp V_n ≜ max{v_n, v^′_n} W_n ≜ min{w_n, w^′_n} :eplaiw okle ∀_{n∈N} v_n ≤ V_n ≤ f ≤ W_n ≤ w_n ∀_{n∈N} v^′_n ≤ V_n ≤ f ≤ W_n ≤ w^′_n :”mnrynd htynd” ly ipyd wlgd it-lr ∀_{n∈N} I_d(v_n) ≤ I_d(V_n) ≤ I_d(W_n) ≤ I_d(w_n) ∀_{n∈N} I_d(v^′_n) ≤ I_d(V_n) ≤ I_d(W_n) ≤ I_d(w^′_n) :ik lawp zexcql uieecpqd htyn it-lr lim_{n→∞} I_d(v_n) = lim_{n→∞} I_d(V_n) = lim_{n→∞} I_d(W_n) = lim_{n→∞} I_d(w_n) lim_{n→∞} I_d(v^′_n) = lim_{n→∞} I_d(V_n) = lim_{n→∞} I_d(W_n) = lim_{n→∞} I_d(w^′_n) :okle lim_{n→∞} I_d(v_n) = lim_{n→∞} I_d(v^′_n) = lim_{n→∞} I_d(w_n) = lim_{n→∞} I_d(w^′_n) divwpetd lye lxbhpi‘-d-d ly zeaeyg zepekz xtqn gikedl lkep ,xcben R^d lr lxbhpi‘-d-d xy‘k zrk .zilaxbhpi‘-d-d . ∫ R^d f = Id(f) miiwzne R

d lr zilaxbhpi‘-d ‘id f if‘ ,zebxcn-d zivwpet f idz 5.1 dprh :miiwzn sqepa .zeipehepen okle zereaw od {v_n}^∞_{n=1}, {w_n}^∞_{n=1} zexcqd .v_n ≜ w_n ≜ f xicbp :dgked lim_{n→∞} I_d(v_n) = I_d(f) = lim_{n→∞} I_d(w_n) if‘ ,k ∈ R idie ,R^d lr zeilaxbhpi‘-d zeivwpet f, g : R^d → R dp‘dz (ix‘pil ‘ed R^d lr lxbhpi‘-d) 5.2 dnl . ∫ R^d (kf) = k ∫ R^d k ∫ R^d f mbe ∫ R^d (f + g) = ∫ R^d f + ∫ R^d g

{v^′_n}^∞_{n=1}, {w^′_n}^∞_{n=1} dp‘dze ,f-l zeni‘znd zebxcn-d zeivwpet ly zexcq {v_n}^∞_{n=1}, {w_n}^∞_{n=1} dp‘dz :dgked xicbp .g-l zeni‘znd zebxcn-d zeivwpet ly zexcq V_n ≜ v_n + v^′_n W_n ≜ w_n + w^′_n zeleabe ,V_n ≤ f + g ≤ W_n miiwzn mb .zcxei dxcq ‘id {W_n}^∞_{n=1}-y cera ,dler dxcq ‘id {V_n}^∞_{n=1} dxcqd :miniiwn zeycgd zexcqd ly miiwepizd milxbhpi‘-d-d lim_{n→∞} I_d(V_n) = lim_{n→∞} I_d(v_n + v^′_n) = lim_{n→∞} I_d(v_n) + lim_{n→∞} I_d(v^′_n) = lim_{n→∞} I_d(w_n) + lim_{n→∞} I_d(w^′_n)

= lim_{n→∞} I_d(w_n + w^′_n) = lim_{n→∞} I_d(W_n) . ∫ R^d f + ∫ R^d g ‘ed dly R

d lr lxbhpi‘-d-de zilaxbhpi‘-d ‘id f + g xnelk m‘ .0 ‘ed dly R^d lr lxbhpi‘-d-dy ,zebxcn-d zivwpet ‘id 0-e ,0f = 0 ik gikedl dn oi‘ if‘ ,k = 0 m‘ :lawp mixwnd ipya .W_n ≜ kv_n-e V_n ≜ kw_n xicbp ,k < 0 m‘ zxg‘ ,W_n ≜ kw_n-e V_n ≜ kv_n xicbp ,k > 0 V_n ≤ V_{n+1} ≤ kf ≤ W_{n+1} ≤ W_n :mbe lim_{n→∞} I_d(V_n) = k lim_{n→∞} I_d(v_n) = k lim_{n→∞} I_d(w_n) = lim_{n→∞} I_d(W_n) . ∫ R^d kf = k ∫ R^d f okle

.f(R^d \ L) = {0} -y jk L rhw-d miiwe ,dneqg ‘id R^d lr zilaxbhpi‘-d f divwpet 5.3 dnl f okle ,v_1 ≤ f ≤ w_1 .zeneqg odizy xy‘ ,v_1, w_1 ,zeivwpetd zexcq izya oey‘xd xai‘d z‘ gwip :dgked zqt‘zn w_1-e L_v-l uegn zqt‘zn v_1-y jk ,L_v, L_w ,mineqg mirhw-d ipy miniiw 3.3 dnl it-lr .dneqg zqt‘zn f okle ,L-l uegn zeqt‘zn w_1 mbe v_1 if‘ .L_v ∪ L_w z‘ liknd meqg rhw-d L ‘di .w_1-l uegn .L-l uegn :seqal . ∫ R^d f ≤ ∫ R^d g if‘ ,f ≤ g-y jk ,zeilaxbhpi‘-d zeivwpet od f, g : R

d → R m‘ 5.4 dnl miiwzn if‘ ,g-l dni‘znd {w_n}^∞_{n=1} ‘dze ,f-l dni‘znd zebxcn-d zeivwpet zxcq {v_n}^∞_{n=1} ‘dz :dgked . ∫ R^d f ≤ ∫ R^d g okle ,n lkl Id(vn) ≤ Id(wn) hxtae ,n lkl vn ≤ f ≤ g ≤ wn

:5.1 dxcbdl zeieliwy gikep zrk :miiwzny jk v_ε, w_ε zebxcn-d zeivwpet zeniiw ε > 0 lkl m”m‘ R^d lr zilaxbhpi‘-d f : R^d → R 5.5 dnl .v_ε ≤ f ≤ w_ε mbe I_d(w_ε − v_ε) < ϵ {v_n}^∞_{n=1} dp‘dze ,R^d lr zilaxbhpi‘-d f : R^d → R ‘dz .ef dnl z‘ gikedl ick 5.1 dnla ynzyp :dgked ,n ≥ N lkl I_d(w_n − v_n) < ε-y jk N ∈ N miiw .zeni‘zn zebxcn-d zeivwpet ly zexcq izy {w_n}^∞_{n=1}-e .w_ε ≜ w_N mbe v_ε ≜ v_N xicbp okle ,n = N xear hxtae ,v 1_k ≤ f ≤ w 1_k -y jk ,v 1_k , w 1_k zebxcn-d zeivwpet zeniiw k ∈ N lkl .dnld i‘pz z‘ zniiwn f ik gipp zrk :okle ,I_d ( w 1_k − v 1_k ) <^1_k mbe

lim_{k→∞} I_d ( w 1_k − v 1_k ) = 0 lim_{k→∞} I_d ( v 1_k ) = lim_{k→∞} I_d ( w 1_k ) :lawp 5.1 dnl it-lr

V_n ≜ max_{1≤k≤n} v 1_k W_n ≜ min_{1≤k≤n} w 1_k :xicbp zrke

:zeniiwn dl‘ zexcq izy V_n ≤ V_{n+1} ≤ f ≤ W_{n+1} ∀_{1≤k≤n} I_d ( v 1_k ) ≤ I_d(V_n) ≤ I_d(W_n) ≤ I_d ( w 1_k ) lim_{n→∞} I_d(V_n) = lim_{n→∞} I_d(W_n) :uieecpqd htyn it-lr okle .l”pd leabd ‘ed R^d lr dly lxbhpi‘-d-de R^d lr zilaxbhpi‘-d ‘id f xnelk jk R^d lr zeilaxbhpi‘-d zeivwpet g_ε, h_ε zeniiw ε > 0 lkl m”m‘ R^d lr zilaxbhpi‘-d f : R^d → R 5.6 dnl . ∫ R^d (h − g) < ϵ mbe gε ≤ f ≤ hε :miiwzny 1 . ∫ R^d (hε − gε) = 0 < ε lawpe ,gε = hε = f gwip ε > 0 lkl if‘ ,zilaxbhpi‘-d ‘id f m‘ :dgked

:y jk R^d lr zeilaxbhpi‘-d g, h zeivwpet izy zeniiw .ε > 0 idie dnld i‘pz z‘ zniiwn xy‘ f ‘dz zrk

g ≤ f ≤ h ∫ R^d

(h − g) < ε 3 V, W zebxcn-d zeivwpet zeniiwe ,g-l zeni‘znd v, w zebxcn-d zeivwpet zeniiw ,zncewd dnld it-lr :y jk h-l zeni‘znd v ≤ g ≤ w I_d(w − v) = ∫ R^d

(w − v) < ε 3 V ≤ h ≤ W I_d(W − V ) = ∫ R^d

(W − V ) < ε 3 :la‘ .ε xear 5.5 dnl i‘pz z‘ eniiwi v, W, f zeivwpetdy dvxp ep‘

v ≤ f ≤ W W − h ≤ W − V g − v ≤ w − v :seqale I_d(W − v) = ∫ R^d

(W − v) = ∫ R^d

(W − h) + ∫ R^d

(h − g) + ∫ R^d

(g − v) ≤ ∫ R^d

(W − V ) + ∫ R^d

(h − g) + ∫ R^d

(w − v) < ε 3 + ε 3 + ε 3 = ε :xicbp seqal zilaxbhpi‘-d ‘xwiz f .‘idylk divwpet f : F → R^d ‘dze ,E ⊆ F ⊆ R^d dp‘dz (zeilaxbhpi‘-d) 5.2 dxcbd :jk zxcbend g : R^d → R divwpetd m‘ E lr

g(x) ≜ f(x) x ∈ E 0 x ∉ E

.zncewd dnld it-lr zebxcn-d zeivwpet xegal mb did xyt‘^1

. ∫ E f ≜ ∫ R^d g :‘ed f ly E lr lxbhpi‘-d-d .R

d lr zilaxbhpi‘-d ‘id 2 . ∫_b a f(x)dx ≜

∫_b a f ≜ ∫ [a,b) f :onql bedp ,a ≤ b xy‘k E = [a, b)-e ,d = 1 m‘

.zilaxbhpi‘-d ‘id f ik dxvwa xnep ,E lr zilaxbhpi‘-d ‘id f E ⊆ F lkl m‘

.zeilaxbhpi‘-d ody zeivwpet opyi ik gikedl milkd z‘ epl yi df alya

zeilaxbhpi‘-d zwical ze‘nbec 5.1

jldn z‘ xzei aeh oiadl ick .zeivwpet xtqn ly zeiliaxbhpi‘-d ly dwical dhiy mibcp df sirqa .xiivl uilnn ip‘ ,miaeyigd . ∫_1 0 x^2dx =^1_3 5.2 dprh

mirhw-d 2^n-l [0, 1) z‘ wxtp ,n aly lka .{v_n}^∞_{n=1}, {w_n}^∞_{n=1} zexcqd ly dipa ici-lr z‘f gikep :dgked :mineqg

∀_{0≤i≤2}n α_{i,n} ≜ i 2^n ∀_{0≤i<2}n I_{i,n} ≜ [α_{i,n}, α_{i+1,n}) = [ i 2^n , i + 1 2^n )

z‘ xicbp zrk .I_{2i,n+1} ∪ I_{2i+1,n+1} :xf wexitl ozip I_{i,n} okle ,α_{i,n} = α_{2i,n+1} < α_{2i+1,n+1} :miiwzn ik al miyp :mixlwqd

λ_{i,n} ≜ α^2_{i,n} = i^2 2^{2n}

:miiiwn λ_{i,n} ik al miyp

λ_{i,n} = inf f(I_{i,n}) = min f(I_{i,n}) λ_{i+1,n} = sup f(I_{i,n}) λ_{i,n} = λ_{2i,n+1} < λ_{2i+1,n+1} < λ_{2i+2,n+1} = λ_{i+1,n}

:v_n, w_n z‘ xicbdl exyt‘i dl‘ zepekz

v_n ≜

2^n−1∑

i=0 λ_{i,n}χ_{Ii,n} =

2^n−1∑

i=0 i^2 2^{2n} χ_{Ii,n}

w_n ≜

2^n−1∑

i=0 λ_{i+1,n}χ_{Ii,n}

2^n−1∑

i=0 (i + 1)^2

2^{2n} χ_{Ii,n}

.ddf ‘dz zernynd x mewna t eazkz m‘ ,

∫_b a f(x)dx-a x-l zernyn lk oi‘^2

milxbhpi‘d z‘ aygp zrk .v_n ≤ v_{n+1} ≤ f ≤ w_{n+1} ≤ w_n :zeniiwnd zebxcn-d zeivwpet od dl‘ zeivwpet :miiwepizd

I_d(v_n) =

2^n−1∑

i=0 λ_{i,n}|I_{i,n}| =

2^n−1∑

i=0 i^2 2^{2n} 1 2^n = 1 2^{3n}

2^n−1∑

i=0 i^2 = 1 2^{3n} ( 1 3 2^{3n} − 2^{2n−1} + 1 6 2^n )

= 1 3 − 1 2^{n+1} + 1 3 · 2^{2n+1}

I_d(w_n) =

2^n−1∑

i=0 λ_{i+1,n}|_{i,n}| =

2^n−1∑

i=0 (i + 1)^2

2^{2n} 1 2^n = 1 2^{3n}

2^n−1∑

i=0 (i + 1)^2 = 1 2^{3n}

2^n∑

i=1 i^2 = = 1 2^{3n} ( 1 3 2^{3n} + 2^{2n−1} + 1 6 2^n ) = 1 3 + 1 2^{n+1} + 1 3 · 2^{2n+1}

:seqale

lim_{n→∞} I_d(v_n) = lim_{n→∞} ( 1 3 − 1 2^{n+1} − 1 3 · 2^{2n+1} ) = 1 3 lim_{n→∞} I_d(w_n) = lim_{n→∞} ( 1 3 − 1 2^{n+1} + 1 3 · 2^{2n+1} ) = 1 3 3. ∫_1 0 (x → x^2) =^1_3 okle eze‘a ztqep ‘nbec .l”pd oebk milaxeqn miaeyign epze‘ l‘biy ‘”ecgd ly iceqid htynd ritei jynda :oepbq

‘id f if‘ ,rhwa ‘l x lkl f(x) = 0 mbe ,[a, b) rhwa dneqge zipehepen divwpet f : R → R idz 5.3 dprh .([a, b)-a rhw-d lk lr mbe) R lr zilaxbhpi‘-d

:xicbp .[a, b)-a dler zipehepen f k”da :dgked

∀_{0≤i≤2}n α_{i,n} ≜ a + i 2^n

(b − a)

∀_{0≤i<2}n I_{i,n} ≜ [a_{i,n}, a_{i+1,n}) = [ a + i 2^n

(b − a), a + i + 1 2^n

(b − a) )

∀_{0≤i<2}n λ_{i,n} ≜ inf f(I_{i,n}) ∀_{0≤i<2}n μ_{i,n} ≜ sup f(I_{i,n})

,λ_{i,n} ≤ μ_{i,n} ,μ_{i,n} ≤ μ_{i+1,n} ,λ_{i,n} ≤ λ_{i+1,n} :ik lawp ,f ly zeipehepend llba dneqg f-y iptn ,miiteq md λ_{i,n}, μ_{i,n} :mbe

λ_{i,n} = λ_{2i,n+1} ≤ λ_{2i+1,n+1} μ_{i,n} = μ_{2i+1,n+1} ≥ μ_{2i,n+1}

.f-l ddf x → f(x) oeniqd^3

zexcq izy z‘ xicbdl lkep okl .0 < i < 2^n − 1 lkl μ_{i−1,n} ≤ λ_{i,n} ik lawp ,f ly zeipehepend llba ,seqal :zebxcn-d-d zeivwpet

v_n ≜

2^n−1∑

i=0 λ_{i,n}χ_{Ii,n}

w_n ≜

2^n−1∑

i=0 μ_{i,n}χ_{Ii,n}

ly iwepizd lxbhpi‘d edn wecap zrk .n ∈ N lkl v_n ≤ v_{n+1} ≤ f ≤ w_{n+1} ≤ w_n :zeniiwn zexcqd izy :oyxtd

I_d(w_n − v_n) =

2n−1∑

i=0 (μ_{i,n} − λ_{i,n})|I_{i,n}| = b − a 2^n

2^n−1∑

i=0 (sup f(I_{i,n}) − inf f(I_{i,n}))

miiwzn ik al miyp .n-a ielz didi ‘ly xtqn ici-lr eze‘ meqgl xnelk ,mekqd on xztzdl mivex epiid :ohw iepiy zeyrl lkep okle ,0 ≤ i ≤ 2^n − 2 lkl sup f(I_{i,n}) ≤ inf f(I_{i+1,n})

= b − a 2^n ( (sup f(I_2n_{−1,n}) − inf f(I_2n_{−1,n})) −

2^n−2∑

i=0 (sup f(I_{i,n}) − inf f(I_{i,n})) )

≤ b − a 2^n ( (sup f(I_2n_{−1,n}) − inf f(I_2n_{−1,n})) −

2^n−2∑

i=0 (inf f(I_{i+1,n}) − inf f(I_{i,n})) )

:x‘ypy dn dfe ,itewqlh xeh eplaiw = b − a 2^n

(sup f(I_2n_{−1,n}) − inf f(I_{0,n}))

:[a, b) lka sup-d ‘ed oexg‘d rhwa sup-de ,[a, b) lka inf-d ‘ed oey‘xd rhwa inf-d okle ,zipehepen f la‘ = b − a 2^n

(sup f([a, b)) − inf f([a, b)))

:okle

lim_{n→∞} I_d(w_n − v_n) = lim_{n→∞} b − a 2^n

(sup f([a, b)) − inf f([a, b))) = 0

.R lr ziliabhpi‘-d f xnelk mb if‘ ,(mipzyn d − 1 miraew m‘ zipehepen ‘id f xnelk) zipehepen-d ‘id f m‘ ik migiken dnec dhiya .R^d lr ziliaxbhpi‘-d ‘id f

6 wxt

itpi‘d ly iceqid htynd

:d‘ad htyna weqri df wxt

,[a, b) lr ziliaxbhpi‘-1 f : [a, b) → R idz (Newton & Leibniz y”r ,itpi‘d ly iceqid htynd) 6.1 htyn if‘ .a < x < b lkl F^′(x) = f(x) xy‘k (a, b)-a dxifbe ,[a, b]-a dtivx F : [a, b] → R divwpet zniiwe ∫_b a f(x)dx = F (b) − F (a)

,5.5 dnl it-lr ,w_n =

∑_n j=0 β_iχ_{Jj} -e v_n =

∑_m

i=0 α_iχ_{Ii} zebxcn-d zeivwpet izy zeniiw if‘ ,ε > 0 idi :dgked :zeniiwnd v_n ≤ f ≤ w_n I_d(w_n − v_n) < ε :ik gipdl mileki ep‘ zeillkd zelabd ila

;v_n, w_n z‘ silgdl zelekiy zebxcn-d zeivwpet od v_nχ_{[a,b)}, w_nχ_{[a,b)} mb ik ,[a, b)-l uegn zeqt‘zn v_n, w_n •

xnelk .mineqg-‘ld mirhwd lr xzeel mileki ep‘ ik z‘f :mineqge mixf v_n, w_n z‘ mixicbnd mirhwd • . ⋃_m i=0 I_i =

⋃_n j=0 J_j = [a, b)

mivex ep‘ o‘k^1 .sup J_j = min J_{j+1} miiwzn 0 ≤ j < n lkle ,sup I_i = min I_{i+1} miiwzn ,0 ≤ i < m lkl • .mekqa xcqd z‘ silgdl ozip ik ixyt‘ dfe ,ipyd ixg‘ cg‘ mixceqn eidi mirhwdy (zegep myl)

,s_i ≜ min J_j xicbp ,ote‘ eze‘a .t_i < t_{i+1} lawp okle ,t_{m+1} ≜ b-e ,t_i ≜ min I_i xicbp ,dpexg‘d dyixcd xe‘l dxifbe ,dtivx F divwpetd [s_j, s_{j+1}]-e [t_i, t_{i+1}] mixebqd mirhwa ik al miyp .s_i < s_{i+1} lawp okle ,s_{n+1} ≜ b-e :miiwzny jk ,β^′_j ∈ (s_j, s_{j+1})-e α^′_i ∈ (t_i, t_{i+1}) miniiw Lagrange htyn it-lr okle ,mirhwd ly mipta

f(α^′_i) = F^′(α^′_i) =

F (t_{i+1}) − F (t)

t_{i+1} − t_i f(β^′_j) = F^′(β^′_j ) =

F (s_{j+1}) − F (s)

s_{j+1} − s_j

.min-d ‘ed okle ,el jiiy inf-d meqg rhw-1-a^1

:aygp o‘k .f(β^′_j ) ≤ β_j ik lawp ote‘ eze‘ae ,α_i ≤ f(α^′_i) okle ,v_n(α^′_i) = α_i la‘

F (b) − F (a) = m∑ i=0 (F (t_{i+1}) − F (t_i)) = m∑ i=0 f(α^′_i)(t_{i+1} − t_i) ≥ m∑ i=0 α_i|I_i| = I_d(v_n)

:ote‘ eze‘a

F (b) − F (a) = n∑ j=0 (F (s_{j+1}) − F (s_j)) = n∑ j=0 f(β^′_j)(s_{j+1} − s_i) ≤ m∑ j=0 β_j|J_j| = I_d(w_n)

lkl dpekp dpexg‘d d‘vezd . | |F (b) − F (a) −

∫_b a f | | < ε xnelk ,F (b) − F (a) ∈ [Id(vn), Id(wn)] ik eplaiw okle

.F (b) − F (a) −

∫_b a f = 0 okle ,ε > 0 .”miieqn lxbhpi‘” byend oial ihxe‘zd ce‘nd xnegd oia xywn df htyn

7 wxt

zeivwpet ly zexcq

xy‘k zeivwpet ly zexcq epi‘x xak ep‘ .zeilaxbhpi‘l odly xywde ,zeivwpet ly zexcqa weqri df wxt .dl‘ zexcq ly zeqpkzda epwqr ‘l la‘ ,zeilaxbhpi‘ epxcbd

f : R^d → R ‘dze ,R-l R^d-n zeivwpet zxcq (f_n)^∞_{n=1} ‘dz (zeivwpet zxcq ly zizcewp zeqpkzd) 7.1 dxcbd :x ∈ E lkl zniiwnd f(x) = lim_{n→∞} f_n(x)

:xnelk .f -l zizcewp zqpkzn dxcqd ik xnep

∀_{ε>0}∀_{x∈R}d ∃_{Nε,x∈N}∀_{N∋n>N} |f_n(x) − f(x)| < ε

:gxkda ‘ly xxazn ?lim_{n→∞} ∫ E f_n = ∫ E f miiwzn m‘d :dl‘yd zl‘yp

-1 od dl‘ zeivwpet .f_n(x) ≜ n^nχ_{[n,n+1)} :jk zexcbend ,R → R zeivwpet ly dxcq (f_n)^∞_{n=1} ‘dz 7.1 ‘nbec ε > 0 lkl :0-l zizcewp zqpkzn dxcqd z‘f znerl .lim_{n→∞} ∫ R f_n = lim_{n→∞} n^n = ∞ la‘ ,R lr zeilaxbhpi‘ .n > N lkl f_n(x) = 0 ik lawpe ,N_x ≜ ⌊x⌋ xgap ,x > 0 lkle

.lim_{n→∞} ∫ E f_n = ∫ E f :zeniiwn ok ,”dti” zebdpzndy ,zeniieqn zexcq xear ik xxazn

dxcqd ik xnep .f : R^d → R ‘dze ,R-l R^d-n zeivwpet zxcq (f_n)^∞_{n=1} ‘dz (deey dcina zeqpkzd) 7.2 dxcbd :miiwzn m‘ f -l deey dcina zizcewp zqpkzn

∀_{ε>0}∃_{Nε∈N}∀_{x∈R}d ∀_{N∋n>N} |f_n(x) − f(x)| < ε

dlibx zeqpkzda :zeivwpet zxcq ly y”na zeqpkzd oial dlibx zeqpkzd oia ohwd lcadl al miyl yi zeqpkzd ly ziyeniy dpekz .^1ε-a wx ielz N-d y”na zeqpkzda z‘f znerl ,ε-a mbe x-a mb ielz N-d :‘id y”na

da dcewpa mbe ε-a mb ielz δ-d dibx zetivxay cera ,ε-a wxe j‘ ielz δ-d y”na zetivxa :zeivwpet ly zetivx lr zxekfz^1 .zetivxd zwcap

m‘ y”na ‘id zeqpkzdd if‘ .f : R^d → R-l zizcewp zeqpkznd R^d → R zeivwpet zxcq (f_n)^∞_{n=1} ‘dz 7.1 dprh . lim_{n→∞} sup_{x∈Rd} |f_n(x) − f(x)| = 0 miiwzn m‘ wxe

n > N lkl miiwzny jk N ∈ N miiw ,ε > 0 ‘di .f-l y”na zqpkzn (f_n)^∞_{n=1} ik dligz gipp :dgked miniiwn f-e (f_n)^∞_{n=1} ik gipp zrk .sup_{x∈R}d |f_n(x) − f(x)| ≤^ε_2 < ε xnelk ,x ∈ R^d lkl |f_n(x) − f(x)| <^ε_2 hxta okle ,n > N lkl sup_{x∈R}d |f_n(x) − f(x)| < ε miiwzny jk N ∈ N miiw ,ε > 0 ‘di .dprhd i‘pz z‘ .x ∈ R^d lkl |f_n(x) − f(x)| < ε miiwzn

m‘ y”na ‘id zeqpkzdd if‘ .f : R^d → R-l zizcewp zeqpkznd R^d → R zeivwpet zxcq (f_n)^∞_{n=1} ‘dz 7.2 dprh lkle n ∈ N lkl |f_n(x) − f(x)| ≤ α_n :miiwne 0-l zqpkznd (α_n)^∞_{n=1} miilily-i‘ mixtqn ly dxcq zniiw m‘ wxe .x ∈ R^d

dprhd it-lr epniiqe α_n = sup_{x∈E} |f_n(x) − f(x)| xgap .f-l y”na zqpkzn (f_n)^∞_{n=1} ik dligz gipp :dgked ,sup_{x∈E} |f_n(x) − f(x)| ≤ α_n okl .dprhd i‘pz z‘ miniiwn idylk (α_n)^∞_{n=1}-e f ,(f_n)^∞_{n=1} ik gipp zrk .zncewd .0-l zqpkzn sup_{x∈E} |f_n(x) − f(x)| ik lawp uieecpqd htyn it-lr okle :seqale

‘id mbe ,hyn I ⊆ R^d rhw-d-l uegn zeqt‘zn oleky jk ,R^d lr zeilaxbhpi‘-d zeivwpet (f_n)^∞_{n=1} ‘dz 7.1 htyn . ∫ R^d f = limn→∞ ∫ R^d fn miiwzne ,R

d lr zilaxbhpi‘-d ‘id f if‘ ,f-l deey dcina zqpkzn

.x ∉ I lkl f(x) = 0 ik lawp sqepa .0-l zt‘ey α_n ≜ sup_{x∈R}d |f_n(x) − f(x)| dxcqd ,7.1 dprh it-lr :dgked :miiwzn n ∈ N lkl ik al miyp

f_n − α_nχ_I ≤ f ≤ f_n + α_n

:miiwzne ,R^d lr zeilaxbhpi‘-d zeivwpet od g_n ≜ f_n − α_nχ_I -e h_n ≜ f_n + α_nχ_I la‘ ∫ R^d

(h_n − g_n) = 2α_n|I|_d , ∫ R^d (hn − gn) < ε mbe gN ≤ f ≤ hN zeniiwn hN , gN okle ,2αN |I|d < ε-y jk N ∈ N miiw ,ε > 0 ‘di ,zrk

:n ∈ N lkl lawpe ,5.4 dnla ynzyp htynd z‘ milydl ick .R lr zilaxbhpi‘-d f okle ∫ R^d

(f − α_nχ_I ) ≤ ∫ R^d

f_n ≤ ∫ R^d

(f + α_nχ_I )

:uieecpqd htyn it-lr okle

lim_{n→∞} ∫ R^d

f_n = ∫ R^d f .ztqep dpkdl miwewf ep‘ ,zeiliaxbhpi‘-d od zetivxd zeivwpetd lk ik migiken ep‘y iptl

8 wxt

Jordan zcin

.zeniieqn zeveaw ly ”gtp” zcicna weqrp df wxta

zilaxbhpi‘-d ‘id χ_E m‘ dcicn-d e‘ Jordan t”r dcicn ‘xwiz E .E ⊆ R^d ‘dz (Jordan zcin) 8.1 dxcbd :onqpe ,R^d lr |E| ≜ |E|_d ≜ ∫ R^d

χ_E

-d ly ztqep dllkd oirn od dcicn-d zeveaw xnelk .Jordan t”r micicn md rhw-d-axe rhw-d ik xexa .mirhw-d-axe mirhw

:miiwne ,cicn-d mb mcegi‘ if‘ ,R^d-a Jordan t”r zecicn zeveaw ly ziteq dxf dgtyn {E_i}^n_{i=1} ‘dz 8.1 dprh | | | | n⋃ i=1 E_i | | | | = n∑ i=1 |E_i|

:lawp ,dxf ‘id dgtynde zeid .E ≜

⋃_n

i=1 E_i :onqp :dgked

χ_E = n∑ i=1 χ_{Ei}

:okle ,R^d lr zilaxbhpi‘-d χ_E la‘

|E| = ∫ R^d

χ_E = n∑ i=1 ∫ R^d

χ_{Ei} = n∑ i=1 |E_i|

.zecicn-d E \ F -e E ∪ F ,E ∩ F mb if‘ ,zecicn-d E, F ⊆ R^d m‘ 8.2 dprh

E ∪ F -e ,ziliaxbhpi‘-d χ_{E\F} = χ_E(1 − χ_F ) ik dcicn-d E \ F .χ_{E∩F} = χ_E · χ_F ik dcicn-d E ∩ F :dgked .F \ E-e E \ F ,E ∩ F ly xf cegi‘ ‘ed E ∪ F ik dcicn-d :Jordan t”r zecicnl sqep oeiti‘ miiw mbe G ⊆ E ⊆ H miiwzny jk G, H mirhw-d-ax miniiw ε > 0 lkl m”m‘ dcicn-d dveaw ‘id E ⊆ R^d 8.1 htyn .|H|_d < |G|_d + ε

:miiwzny jk g, h : R^d → R zebxcn-d zeivwpet izy zeniiw .ε > 0 idie ,dcicn-d E ik gipp :dgked :onqp .g ≤ χ_E ≤ h mbe I_d(h − g) < ε g = m∑ i=0 g_iχ_{Ii} h = n∑ j=0 h_j χ_{Jj}

zeivwpet eidi ody jk g, h z‘ owzp ep‘ .mineqge mixf mirhw-d ly zegtyn od {J_j}^n_{j=1}-e {I_i}^m_{i=1} xy‘k :xicbp .zepiit‘n

g^∗_i ≜ χ_{(0,∞)}(g_i) =

1 g_i > 0 0 g_i ≤ 0 h^∗_i ≜ χ_{[1,∞)}(h_i) =

1 h_j ≥ 1 0 h_j < 1

g^∗ = m∑ i=0 g^∗_i χ_{Ii} h^∗ = n∑ j=0 h^∗_j χ_{Jj}

:mb okle ,g ≤ g^∗ ≤ χ_E ≤ h^∗ ≤ h :zeniiwnd zebxcn-d zeivwpet od zeycgd zeivwpetd

I_d(h^∗ − g^∗) ≤ I_d(h − g) < ε

ly zepiivn zeivwpet od g^∗, h^∗ okle ,{0, 1} od odly zepenzd :zebxcn-d zeivwpet mzq ‘l ed g^∗, h^∗ la‘ .G ⊆ E ⊆ H miiwzne H =

⋃_n j=1 J_j -e G =

⋃_m

i=1 I_i zeveawd miiwzny jk χ_G, χ_H zebxcn-d zeivwpet zeniiw ,ε > 0 lkl okle ,htynd i‘pz z‘ zniiwn E ik gipp zrk .dcicn-d E okle ,zilaxbhpi‘-d χ_E xnelk ,I_d(χ_G − χ_H ) < ε mbe χ_G ≤ χ_E ≤ χ_H :d‘ad dnld z‘ gikedl mileki ep‘ ,htynd zekfa

E lr ziliaxbhpi‘-d ‘id f if‘ ,R^d lr ziliaxbhpi‘-d f : R^d → R ‘dze ,dcicn-d dveaw E ⊆ R^d ‘dz 8.1 dnl .(R^d lr ziliaxbhpi‘-d ‘id fχ_E :e‘)

miniiw mbe ,I_d(w − v) <^ε_2 mbe v ≤ f ≤ w-y jk v, w zebxcn-d zeivwpet zeniiw ,ε > 0 lkl :dgked ,zebxcn-d zeivwpet od wχ_H -e vχ_G zeivwpetd mb .|H|_d − |G|_d <^ε_2 -e G ⊆ E ⊆ H-y jk G, H mirhw-d-ax :miiwzne

I_d(wχ_H − vχ_G) = I_d(wχ_H − vχ_H ) + I_d(vχ_H − vχ_G) = I_d(χ_H (w − v)) + I_d(v(χ_H − χ_G)) ≤ I_d(w − v) + |H|_d − |G|_d < ε 2 + ε 2 = ε .E lr ziliaxbhpi‘-d ‘id f-y o‘kne ,R^d lr ziliaxbhpi‘-d ‘id fχ_E okle ,vχ_G ≤ fχ_E ≤ wχ_G ik xexa :zecicn-d zeveaw ly zetqep zeaeyg zepekz gikedl zxyt‘n ef dnl

.zecicn-d od E ∪ F -e E \ F ,E ∩ F if‘ ,zecicn-d dveaw E, F ⊆ R^d eidi 8.2 htyn

.dcicn-d E ∩ F okle ,ziliaxbhpi‘-d ‘id χ_E χ_F if‘ ,cicn-d E ∩ F :dgked E \ F okle ,R^d lr ziliaxbpi‘-d χ_E (1 − χ_F ) okle ,E lr ziliaxbhpi‘-d ‘id 1 − χ_F hxta , ∫ R^d χF χE = ∫ E χ_F .dcicn-d .F \ E lye E \ F ly ,E ∩ F ly xf cegi‘k cicn-d E ∪ F .zecgein zecicn-d zeveaw ly mikxe‘-d-d z‘ aygl epl exyt‘iy htyne zeaeyg zenl xtqn gikep ,seqal .lxbhpi‘-(d + 1) mewna ,lxbhpi‘-d ly aeyig ‘ed mkxe‘-(d + 1) aeyigy zecicn-(d + 1) zeveaw mpyi

miiwzne ,dcicn-(d + 1) ‘id E × [α, β) if‘ ,meqg rhw-1 [α, β) ⊆ R ‘die ,dcicn-d dveaw E ⊆ R^d ‘dz 8.2 dnl .|E × [α, β)|_{d+1} = (β − α)|E|_d

mbe G ⊆ E ⊆ H miiwzny jk G, H mirhw-d-ax miniiw if‘ ,ε > 0 idi :dgked

|G|_d − |H|_d < ε β − α

:hxtae ,mirhw-(d + 1)-ax md H × [α, β)-e G × [α, β) mb

G × [α, β) ⊆ E × [α, β) ⊆ H × [α, β) |H × [α, β)|_{d+1} − |G × [α, β)|_{d+1} = (β − α) (|H|_d − |G|_d) < (β − α) ε β − α = ε .|E × [α, β)|_{d+1} = (β − α)|E|_d :miiwzne ,dcicn-d mb E × [α, β) xnelk

lkl c ≤ w(x)-y jk zebxcn-d zivwpet w : R^d → R ‘dze ,c ∈ R ‘di .dcicn-d dveaw E ⊆ R^d ‘dz 8.3 dnl :dveawd if‘ ,x ∈ E

W ≜ {(x, y) ∈ R|x ∈ E ∧ c ≤ x < w(x)} = ⋃ x∈E {x} × [c, w(x))

.|W |_{d+1} = ∫ E (w − c) :zniiwne ,dcicn-(d + 1) ‘id

W dveawd .mini‘znd mikxrd {λ_i}^n_{i=1} eidie ,w z‘ mixicbnd mineqgd mirhw-d-d {I_i}^n_{i=1} eidi :dgked :‘ad xfd cegi‘d dyrnl ‘id W = n⋃ i=1 (E ∩ I_i) × [c, λ_i)

.dcicn-(d + 1) W dveawd mb okle ,dcicn-(d + 1) (E ∩ I_i) × [c, λ_i) mb okle ,dcicn-d ‘id E ∩ I_i dveawd

|W |_{d+1} = n∑ i=1 |E ∩ I_i|_d(λ_i − c) = n∑ i=1 ∫ R^d

(λ_i − c)χ_{E∩Ii} = ∫ R^d n∑ i=1 (λ_i − c)χ_{E∩Ii}

= ∫ R^d

χ_E n∑ i=1 (λ_i − c)χ_{Ii} = ∫ E (w − c)

,c ≤ ψ-y jk E-a ziliaxbhpi‘-d divwpet ψ : E → R ‘dze ,c ∈ R ‘di .dcicn-d dveaw E ⊆ R^d ‘dz 8.4 dnl :dveawd if‘ P ≜ {(x, y) ∈ R|x ∈ E ∧ c ≤ y < ψ(x)} = ⋃ x∈E {x} × [c, ψ(x)) .|P |_{d+1} = ∫ E (ψ − c) :zniiwne ,dcicn-(d + 1) ‘id :xicbp .I_d(w − v) < ε-e E-a v ≤ ψ ≤ w-y jk zebxcn-d zeivwpet v, w eidi ,ε > 0 idi :dgked V ≜ {(x, y) ∈ R|x ∈ E ∧ c ≤ x < v(x)} W ≜ {(x, y) ∈ R|x ∈ E ∧ c ≤ x < w(x)} .zecicn-d V, W mbe ,V ⊆ P ⊆ W miiwzn ik xexa |W |_{d+1} − |V |_{d+1} = ∫ E ((w − c) − (v − c)) = ∫ E (w − v) ≤ ∫ R^d

(w − v) < ε mixtqnd ipy okle ,v ≤ ψ ≤ w ipy cvn .|V |_{d+1} ≤ |P |_{d+1} ≤ |W |_{d+1} :zniiwne ,dcicn-(d + 1) ‘id P xnelk .|P |_{d+1} = ∫ E (ψ − c) okle ,|W |_{d+1} oiale |V |_{d+1} oia mi‘vnp |P |_{d+1}-e ∫ E (ψ − c) if‘ ,φ ≤ ψ-y jk E-a zeiliaxbhpi‘-d zeivwpet φ, ψ : E → R eidie ,dcicn-d dveaw E ⊆ R^d ‘dz 8.3 htyn :dveawd W ≜ {(x, y) ∈ R|x ∈ E ∧ φ(x) ≤ y < ψ(x)} = ⋃ x∈E {x} × [φ(x), ψ(x)) .|W |_{d+1} = ∫ E (ψ − φ) :zniiwne ,dcicn-(d + 1) ‘id :xicbp .c ≤ φ-y jk c ∈ R miiw ,E-a ziliaxbhpi‘-d φ-e zeid :dgked A ≜ {(x, y) ∈ R|x ∈ E ∧ c ≤ y < φ(x)} B ≜ {(x, y) ∈ R|x ∈ E ∧ c ≤ y < ψ(x)} :okle ,W = A \ B zeniiwne ,zecicn-(d + 1) zeveawd izy |W |_{d+1} = |B|_{d+1} − |A|_{d+1} = ∫ E (ψ − c) − ∫ E (φ − c) = ∫ E (ψ − φ) ‘di df htyn sqepa .y lr mipeieeiy-i‘d z‘ dn‘zda wfgp e‘ yilgp xy‘k oekp mb ‘di oexg‘d htynd .dpyp lxbhpi‘ ici-lr odly lxbhpi‘d z‘ aygl ozipy zeivwpet zxiwga oey‘xd crvd

9 wxt milxbhpi‘e zetivx ,dibeleteh

.Gerald A. Edgar z‘n ,”Measure, Topoly, and Fractal Geometry” xtqd ly 2 wxta oiirl mega uilnn ip‘ :dibleteha zeprhe mibyen ly dxvw dxiwqa ligzp :jk zxcbend d(x, y) : R^d × R^d → [0, ∞) divwpetd 9.1 htyn

d(x, y) ≜ d∑ i=0 (y_i − x_i)^2

x, y, z ∈ R^d lkl :zniiwn ‘id xnelk ,R^d-a dwixhn ‘id ;x = y m”m‘ d(x, y) = 0 :zhlgen zeiaeig ;d(x, y) = d(y, x) :zeixhniq .d(x, z) ≤ d(x, y) + d(y, z) :yleynd oeieeiy-i‘ .ixhn agxn mi‘xwp d mr cgi R^d .d micnind xtqn oial d wgxnd divwpetn licadl yi :dxrd dcaer .envr zekfa ixhn agxn (X, d) okle ,dwixhn mb X × X-l znvnevnd d if‘ ,X ⊆ R^d m‘ ik al miyp . . .itpi‘l jiiy ‘l xak df la‘ ,mipeyne mixfen miavn xevil dleki ef .d(x, y) = |x − y| ik lawp ,d = 1 xy‘k δ > 0 miiw m‘ A ly zinipt dcewp ‘xwi x .x ∈ A ‘die ,A ⊆ R^d idz (dgezt dveaw ,zinipt dcewp) 9.1 dxcbd .dgezt dveaw dxwz A if‘ ,A ly zinipt dcewp ‘ed x ∈ A lk m‘ .y ∈ A if‘ ,d(x, y) < δ m‘y jk -xahvd zcewp ‘xwi x .(A-a gxkda ‘l) x ∈ R^d ‘die ,A ⊆ R^d idz (dxebq dveaw ,zexahvd zcewp) 9.2 dxcbd ‘xwiz A if‘ ,dl zekiiy A ly zexahvdd zecewp lk m‘ .0 < d(x, y) < ε-y jk y ∈ A miiw ε > 0 lkl m‘ A ly ze dxebq dveaw

.dxebq R^d \ A m”m‘ dgezt A .A ⊆ R^d idz 9.1 dprh .diam(A) ≜ sup_{x,y∈A} d(x, y) :‘ed A ly xhewd .A ⊆ R^d idz (xhew) 9.3 dxcbd .A ⊆ I-y jk meqg I rhw-d miiw m‘ dneqg dveaw ‘xwiz A .A ⊆ R^d idz (dneqg dveaw) 9.4 dxcbd .dneqg A m”m‘ diam(A) < ∞ .A ⊆ R^d idz 9.2 dprh .zihwtnew F m”m‘ dneqge dxebq F .F ⊆ R^d idz 9.2 htyn .cala dxcbd xcba ‘ed oexg‘d htynd epzpigan m‘ (E-l qgia) x-a dtivx f-y xn‘p .x ∈ E ‘die ,f : E → R ‘dz ,E ⊆ R^d ‘dz (dtivx divwpet) 9.5 dxcbd :miiwzn y ∈ E lkly jk δ_{ε,x} > 0 miiw ε > 0 lkl d(x, y) < δ_{ε,x} ⇒ |f(x) − f(y)| < ϵ .(E-l qgia) x ∈ E lka dtivx ‘id m‘ (E-l qgia) E lka dtivx f-y xn‘p -dcina dtivx divwpet f-y xn‘p .f : E → R ‘dze E ⊆ R^d ‘dz (deey dcina dtivx divwpet) 9.6 dxcbd :miiwzn y ∈ E lkly jk δ_ε > 0 miiw ε > 0 lkl m‘ deey d(x, y) < δ_ε ⇒ |f(x) − f(y)| < ϵ

.y”na dtivx divwpet ‘id zihwtnew dveawa dtivx divwpet lk 9.3 htyn :‘ad htynl dyrnl ycwen df wxt .d = 1 ly dxwnd xear 1 itpi‘a epgked oexg‘d htynd z‘ :if‘ ,E-a y”na dtivxe E-l uegn zqt‘znd f : R^d → R ‘dze ,dcicn-d dveaw E ⊆ R^d ‘dz 9.4 htyn ;R^d lr zilaxbhpi‘-d f (i) (szeyn) I rhw-d-l uegn olek zeqt‘zn xy‘ zebxcn-d zeivwpet ly (w_m)^∞_{n=1} ,(v_m)^∞_{n=1} zexcq izy zeniiw (ii) :mbe E z‘ liknd v_m ≤ v_{m+1} ≤ w_{m+1} ≤ w_m (9.1) 0 ≤ w_m − v_n ≤ 1 m (9.2) v_mχ_E ≤ f ≤ w_mχ_E (9.3) .f-l y”na zqpkzn (v_mχ_E)^∞_{m=1} dxcqd hxtae

:x, y ∈ E lkly jk δ > 0 miiw .ε > 0 idie ,M ≜ |E|_d = ∫ R^d χE :onqp :dgked

d(x, y) < δ ⇒ |f(x) − f(y)| < ε 2M jk dfl df mixf miphw mirhw-d-l I z‘ wlgp .E ⊆ I-y jk ,I meqg rhw-d miiw ,dneqg E-y oeeikn :xicbp .{I_n}^N_{n=1} - δ-n ohw didi ‘l mdn cg‘ lk ly xhewdy

α_n ≜ inf f(I_n ∩ E) I_n ∩ E ≠ ∅ 0 I_n ∩ E = ∅ β_n ≜ sup f(I_n ∩ E) I_n ∩ E ≠ ∅ 0 I_n ∩ E = ∅

:lawp ,diam(I_n ∩ E) < δ-e zeid sqepa .miiteq α_n, β_n f ly y”na zetivxd llba

∀_{x,y∈E∩In} |f(x) − f(y)| < ε 2M :okle ,f(y) ≥ α_n mbe f(x) ≤ β_n la‘

|β_n − α_n| ≤ ε 2M :R^d lr zeilaxbhpi‘-d zeivwpet izy xicbp zrk g ≜ N∑ n=1 α_nχ_{In∩E} h ≜ N∑ n=1 β_nχ_{In∩E}

:okle ,g ≤ f ≤ h :zeniiwn dl‘ zeivwpet

0 ≤ h − g = N∑ n=1 (β_n − α_n)χ_{In∩E} ≤ N∑ n=1 ε 2M χ_{In∩E} = ε 2M N∑ n=1 χ_{In∩E} = ε 2M χ_∪N_{n=1(In∩E)} = ε 2M χ_{I∩E} = ε 2M χ_E < ε M χ_E

:okle ∫ R^d

(h − g) < ε M ∫ R^d

χ_E = ε M M = ε

.(i) z‘ epgkede ,zilaxbhpi‘-d ‘id f xnelk :ze‘ad zebxcn-d-d zeivwpet z‘ xicbp ,ipyd wlgd z‘ gikedl ick

g̃ ≜ N∑ n=1 α_nχ_{Ii} h̃ ≜ N∑ n=1 β_nχ_{Ii}

:miiwzn ik al miyp

g = g̃χ_E h = h̃χ_E

:mbe h̃ − g̃ < ε M χ_I ≤ ε M :gwip seqal .ε =^M_k xy‘k mini‘znd g̃, h̃ zeidl ṽ_k, w̃_k xicbp ,k ∈ N ‘di :dgkedd z‘ milydl ick .epniiqe ,w_n ≜ min^n_{k=1} w̃_k-e v_n ≜ max^n_{k=1} ṽ_k ik raep ,(9.2)-e (9.1)-n seqal

f − v_mχ_E = fχ_E − v_mχ_E = χ_E (f − v_m) ≤ χ_E (w_m − v_n) ≤ w_m − v_n ≤ 1 m .f-l y”na zqpkzn (v_mχ_E )^∞_{m=1} dxcqd xnelk

10 wxt dpyp lxbhpi‘

ly daizk lr dcina lwn izxbiy ‘l oeniq .y ∈ R-e x ∈ R^d xy‘k (x, y)-k R^{d+1}-a zecewp onqp ,df wxta :xicbp .df wxta miperihd :zeniiwnd f : R^{d+1} → R zeivwpetd lk zveaw F_d ‘dz 10.1 dxcbd ;ziliaxbhpi‘-(d + 1) ‘id f (i) ;ziliaxbhpi‘-1 ‘id g_x(y) ≜ f(x, y) divwpetd ,x ∈ R^d lkl (ii) ;ziliaxbhpi‘-d ‘id H(x) ≜ ∫ R g_x = ∫ R f(x, y)dy divwpetd (iii) :miiwn f ly lxbhpi‘-(d + 1)-d (iv) ∫ R^{d+1} f = ∫ R^d ∫ R g_x = ∫ R^d (∫ R f(x, y)dy ) dx (10.1) ik ‘ceep mcew .miwfg xzei daxd dl‘ miperih la‘ ,ze‘vxda erited ‘l mwlgy ,miperih xtqn gikep ep‘ :dzi‘ cearl i‘cky dgtyn ‘id F_d :‘dze ,φ ≤ ψ-y jk ,E-a zeiliaxbhpi‘-d zeivwpet φ, ψ : E → R^d eidie ,dcicn-d dveaw E ⊆ R^d ‘dz 10.1 dnl W ≜ {(x, y) ∈ R^{d+1}|x ∈ E ∧ φ(x) ≤ y < ψ(x)} .χ_W ∈ F_d if‘ ψ-e φ ik zehyt myl gipp .(i) dyixc z‘ zniiwn χ_W okle , ∫ R^{d+1} χW -l ‘gqep epl wtiq 8.3 htyn :dgked

:xicbp ,x ∈ R^d lkl .E-l uegn zeqt‘zn g_x(y) ≜ χ_W (x, y) = χ_E (x)χ_{[φ(x),ψ(x))}(y) H(x) ≜ ∫ R g_x = ∫ R χ_E (x)χ_{[φ(x),ψ(x))}(y)dy = χ_E(x)(ψ(x) − φ(x)) ∫ R^d

H(x) = ∫ R^d

χ_E(x)(ψ(x) − φ(x))dx = ∫ E (ψ − φ) = |W |_{d+1} = ∫ R^{d+1}

χ_W .χ_W ∈ F_d okle ,zeyixcd x‘y z‘ zniiwn χ_W xnelk f + ag ∈ F_d miiwzn a ∈ R lkle f, g ∈ F_d lkl (ix‘pil zkxrn ‘id F_d) 10.2 dnl

.lxbhpi‘e zeiliaxbhpi‘ ly zeix‘pild ly dxiyi d‘vez ‘id dnld :dgked

;zeiliabhpi‘-(d + 1) zeivwpet ly ix‘pil-sexivk ziliaxbhpi‘-(d + 1) ‘id f + ag (i)

:zeiliaxbhpi‘-1 zeivwpet ly ix‘pil sexivk ziliaxbhpi‘-1 ‘id f(x, −)+ag(x, −) divwpetd x ∈ R^d lkl (ii) ;g(x, −)-e f(x, −)

ix‘pil sexivk ziliaxbhpi‘-d ‘id H(x) ∫ R(f(x, −) + ag(x, −)) = ∫ R f(x, −) + a ∫ R g(x, −) divwpetd (iii) ; ∫ R g(x, −)-e ∫ R f(x, −) :zeiliaxbhpi‘-d zeivwpet ly

:seqale (iv) ∫ R^{d+1}

(f + ag) = ∫ R^{d+1}

f + a ∫ R^{d+1} g = ∫ R^d (∫ R Rf(x, y)dy ) dx + a ∫ R^d (∫ R Rg(x, y)dy ) dx = ∫ R^{d+1} (∫ R f(x, y)dy + a ∫ R g(x, y)dy ) dx = ∫ R^d (∫ R R(f + ag)(x, y)dy ) dx

.F_d-l zkiiy zebxcn-(d + 1) zivwpet lk 10.3 dnl

rhw-d ‘ed I_d xy‘k I = I_d × [α, β) la‘ .I meqg rhw-(d + 1) lkl χ_I ∈ F_d ik ze‘xdl witqn :dgked lk ,dpexg‘d dnld zekfae ,χ_I ∈ F_d ik lawp 10.1 dnlne ,cicn-(d + 1) I mb okle ,cicn-d ‘ed I_d okle ,meqg .F_d-l zkiiy zebxcn-(d + 1) zivwpet

y”na zeqpkznde ,meqg I szeyn rhw-(d + 1)-l uegn zeqt‘znd F_d-a zeivwpet-zxcq (f_n)^∞_{n=1} ‘dz 10.1 htyn .f ∈ F_d mb if‘ ,f-l

:xicbp .zil‘ieeixh (i) dyixc .dl‘k zexcq ly milxbhpi‘ zeleab iwega ynzyp ,z‘f gikedl ick :dgked

g_{m,x}(y) ≜ f_m(x, y)

g_x(y) ≜ f(x, y)

N_ε-d eze‘ zeidl N_ε ∈ N z‘ xgap ε > 0 lkl :g_x-l y”na zqpkzn (g_{m,x})^∞_{m=1} dxcqd ,x ∈ R lkl ik xexa :xicbp .miiwzn (ii) i‘pze ,x ∈ R lkl ziliaxbhpi‘-1 ‘id g_x okle ,zixewnd dxcqd ly

H_m(x) ≜ ∫ R g_{m,x} = ∫ R f_m(x, y)dy

H(x) ≜ ∫ R g_x = ∫ R f(x, y)dy lkep ,meqg I-e zeid .H-l y”na zqpkzn (H_m)^∞_{m=1} dxcqd ik gikep .m ∈ N lkl ziliaxbhpi‘-d ‘id H_m .I = I_d × [α, β)-k eze‘ aezkl

|H(x) − H_m(x)| = | | | ∫ R (f(x, y) − f_m(x, y))dy | | | = | | | ∫ R χ_{[α,β)}α_m | | | = α_m(β − α)

zqpkzn (H_m)^∞_{m=1} xnelk .m ∈ N lkl |f − f_m| < α_m zniiwne 0-l zqpkznd dxcq ‘id (α_m)^∞_{m=1} xy‘k H_m .zniiwzn dpexg‘d dyixcd mb ik d‘xp seqal .dbyed (iii) dyixce ,ziliaxbhpi‘-d H okle ,H-l y”na okle ,I_d-l ueg olek zeqt‘zn ∫ R^d (∫ R f(x, y)dy ) dx = ∫ R^d

H = lim_{m→∞} ∫ R^d

H_m = lim_{m→∞} ∫ R^{d+1}

f_m = ∫ R^{d+1} f

,W -l uegl zqt‘zne W -a y”na dtivx divwpet f : R^{d+1} → R ‘dze ,dcicn-(d + 1) dveaw W ‘dz 10.2 htyn .f ∈ F_d if‘

rhw-(d + 1)-l uegn olek zeqt‘zne ,f-l y”na zeqpkznd zebxcn-(d + 1) zeivwpet zxcq zniiw :dgked .W z‘ liknd szeyn meqg :epl bved d‘vxda

zetivx zeivwpet φ, ψ : E → R eidie ,dcicn-d dveaw E ⊆ R^d ‘dz (ipiaet htyn ly ihxt dxwn) 10.3 htyn ‘dz .φ ≤ ψ zeniiwne E-a y”na W ≜ { (x, y) ∈ R^{d+1} | | x ∈ E ∧ φ(x) ≤ y < ψ(x)}

.f ∈ F_d if‘ ,W -l uegn zqt‘zne ,W -a y”na dtivxd f : R^{d+1} → R ‘dz

.mcewd htynd ly ihxt dxwn :dgked .∞-a weqri ‘ad wxtd

11 wxt millken milxbhpi‘

.”seqpi‘a milxbhpi‘a” weqrp df wxta .f : (a, b) → R ‘dz (miiteq zeleab mr llken lxbhpi‘) 11.1 dxcbd (a, b)-a f ly llkend lxbhpi‘d z‘ xicbp if‘ ,(a, r)-a ziliaxbhpi‘-1 f r ∈ (a, b) lkle ,miiw lim_{r→a+} f(r) m‘ .1 :zeidl ∫_b a f ≜ lim_{r→b−}

∫_r a f

(a, b)-a f ly llkend lxbhpi‘d z‘ xicbp if‘ ,(r, b)-a ziliaxbhpi‘-1 f r ∈ (a, b) lkle ,miiw lim_{r→b−} f(r) m‘ .2 1 :zeidl ∫_b a f ≜ lim_{r→a+}

∫_b r f

lxbhpi‘d z‘ xicbp if‘ ,(a, b)-a gezt rhw lka ziliaxbhpi‘-1 f-e ,miniiw ‘l lim_{r→b−} f(r) mbe lim_{r→a+} f(r) m‘ .3 :mipte‘ ipya (a, b)-a f ly llkend ∫_b a f ≜ ∫_c a f + ∫_a c f (Sym)

∫_b a f ≜ lim_{ε→0+}

∫_{b−ε} a+ε f .(c edn dpyn df oi‘) c ∈ (a, b) xy‘k .±∞ - agxd oaena leab meiw eyexit ,l”pd dxcbda leab meiw-i‘ 11.1 dprh .dneqg f if‘ ,‘edylk rhwa ziliaxbhpi‘-1 f m‘ :dgked

mixhniq zeleabd ik xikfdl day ,ily d‘vnd ‘ed (Sym) ∫ oeniqd^1

miiw

∫_b a f mb if‘ ,miiw (Sym)

∫_b a f m‘ if‘ ,miniiw ‘l lim_{r→b−} f(r) mbe lim_{r→a+} f(r) lk f : (a, b) → R ‘dz 11.2 dprh .el deeye

,r > a lkl [a, r) lr ziliaixbhpi‘-1-d ,f : [a, ∞) → R ‘dz (miiteqpi‘ zeleab mr llken lxbhpi‘) 11.2 dxcbd :zeidl [a, ∞)-a f ly llkend laxbhpi‘d z‘ xicbp if‘ ∫_∞ a f ≜ lim_{a<r→∞}

∫_r a f (−∞, a)-a f ly llkend laxbhpi‘d z‘ xicbp if‘ ,r < a lkl [r, a) lr ziliaixbhpi‘-1-d ,f : (−∞, a) → R ‘dz :zeidl ∫_a −∞ f ≜ lim

a>r→−∞

∫_a r f

:mipte‘ ipya R-a f ly llkend laxbhpi‘d z‘ xicbp if‘ ,rhw-1 lk lr ziliaxbhpi‘-1-d ,f : R → R ‘dz ∫_∞ −∞ f ≜ ∫_c −∞ f + ∫_∞ c f (P V )

∫_∞ −∞ f ≜ lim_{r→∞}

∫_{c+∞} c−∞ f .c = 0 llk-jxcae ,c ∈ R xy‘k